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Abstract
I discuss a realization of stress-tensor for parafermion theories following the
generalized Frenkel-Kac construction for higher level Kac-Moody algebras.
All the fields are obtained from d=rank free bosons compactified on torus.
This gives an alternative realization of Virasoro algebra in terms of a non-local
correction of a free field construction which does not fit the usual background
charge of Feigin-Fuchs approach.
Keyword: Vertex operator, Parafermions, Virasoro algebra
PACS numbers: 11.25.Hf, 02.20.Sv, 03.65.Fd
Typeset using REVTEX
1
Two-dimensional conformal field theory is a subject of intensive study with applications
in two-dimensional critical systems and string theory. The infinite-dimensional symmetry
implied by the conformal invariance in two dimensions is encoded in the holomorphic and
antiholomorphic components of stress-tensor, whose modes form two copies of Virasoro
algebra.
A lot of properties and techniques are now well known for these theories as the Feigin-
Fuchs (FF) (or Coulomb gas) background charge method that can be applied to a free
bosonic theory to decrease the value of central charge. This ‘bosonization’ is based on the
fact that a suitable combination of free fields with a stress-tensor at most quadratic in the
fields can describe a large class of theories (including the minimal series of the Virasoro
algebra).
An example of application of this technique is the well known SU(2)/U(1) coset to the
level k that was extensively used to realize explicitly Zk parafermions [1]. Parafermion
algebras are generated by a collection of currents ψl(z) and their conjugate ψ
†
l (z) with
ψ0(z) = 1. A priori there are no restriction on the range of the integer l and, generically,
the conformal dimension ∆l is fractional but, in all the case in which they are related to an
affine extension of Lie algebras with k <∞ of the kind considered here, they have a discrete
symmetry that reduce the range of l to a finite set.
In general, only one parafermion (for instance ψ(z) = ψ1(z)) and its conjugate are
necessary to generate the full set of fields.
Nevertheless, how will be clear in the following, exists an alternative way to do it (at
least for special values of central charge) by using a projection of the bosons on a multi-
sheeted two-dimensional surface. This method comes from the study of Kac-Moody (KM)
affine algebras to higher level in the conformal gauge. Using this result I show that a
parafermion theory can be constructed factorizing the d=rank free bosons of the Cartan
sub-algebra. While in the FF method a background charge to the infinity is used to deplete
the conformal anomaly, in the present case the same effect is obtained by an additional term
quadratic in the parafermions but evaluated in two different points.
In this letter I will discuss the construction of stress-tensor for these systems where the
parafermions are realized by means of factorization introduced in [2]. I want to emphasize
the difference between this approach and the approach of a recent paper [3] where similar
ideas are developed. In [3] no use is made of parafermions and the calculations are done
for full affine algebra g using the mode algebra technique. In the present paper, instead,
I use the projection introduced in [2] to obtain the parafermions and the OPEs of these
fields on the k-sheeted plane is directly obtained using a program of symbolic manipulation
M⊣⊔〈⌉m⊣⊔〉⌋⊣TM [4,5]. If the factorization of U(1)d terms is made in the expressions of
ref. [3], the results become equals. However, this factorization, except for the central charge,
is not obvious.
The Goddard-Olive construction of affine KM algebras [6]can be interpreted as a vertex
construction of a Lie algebra in a singular lattice obtained by adding a light-like direction
to the Euclidean lattice defining the horizontal finite Lie algebra. The outer derivation
is consistent with the extension of the singular lattice to a Lorentzian one and with the
interpretation of the affine algebra as a sub-algebra of a Lorentzian one. Let me shortly
recall the essential steps of the covariant construction.
I introduce the usual Fubini-Veneziano fields:
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Qµ(z) = qµ − ipµlnz + i∑
n 6=0
aµn
n
z−n (1)
and their derivatives Qµ(1)(z) in a Minkowski space (I only consider holomorphic fields here).
If one considers the root r belonging to a Lorentzian lattice, it can be decomposed as
r = α + nK+ +mK− with (K±)2 = 0, K+ ·K− = 1 and α belonging to Λ, the horizontal
Euclidean lattice of any simply-laced Lie algebra. The affine sub-algebra is spanned by zero
modes of the relevant generalized vertex operators:
Aα+nK
+
=
cα
2πi
∮
dz : eiα+nK
+·Q(z) : (2)
HanK+ =
1
2πi
∮
dz : Qa(1)(z)einK
+·Q(z) (3)
cα being a cocycle, and the a index is restricted to the Euclidean lattice, with commutation
relations: [
HanK+, H
b
mK+
]
= nδabδn+m,0K
+ · p (4)[
Aα+nK
+
, Aβ+mK
+
]
= 0 α · β ≥ 0 (5)[
Aα+nK
+
, Aβ+mK
+
]
= ǫ(α, β)Aα+β+(n+m)K
+
α · β = −1 (6)[
Aα+nK
+
, A−α+mK
+
]
= α ·H(n+m)K+ + nδn+m,0K+ · p α = −β (7)[
HanK+, A
α+mK+
]
= αaAα+(n+m)K
+
(8)
As K+ · an commutes with any element of this algebra, it is possible to take them to be
a constant and particularly:
K+ · p→ k K+ · an → 0 if n 6= 0 (9)
In string theory this choice corresponds to a transformation by the covariant gauge to
the transverse one. In this transformation the modes of eqs.(2,3) become:
Aαn =
cα
2πi
∮
dzznk : eiα·Q(z) : (10)
Han =
1
2πi
∮
dzznkQa(1)(z) (11)
and realize the same KM algebra but to the level k.
Energy-momentum stress-tensor for this algebra is obtained by means of the famous
Sugawara construction [7] and supplies a Virosoro algebra realization with central charge
c = kdimg
k+h∨
= dk(1+h
∨)
k+h∨
, where h∨ is the dual Coxeter number of Lie algebra g.
For k > 1 the charge is greater then rank, so it seem to be impossible to realize the
algebra with only d Fubini fields as can be done for k = 1 by means of the standard Frenkel-
Kac-Segal construction [8]. Parafermions was introduced by Gepner [9] as auxiliary fields
to take in to account this fact.
These theories contain fields of fractional spin and which are non-local. A special case
are self-dual Zk models of Zamolodchikov and Fateev [1,9] that are related to SU(2) current
algebra.
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Generalized parafermions theories are labeled by the level k and by a simple Lie algebra
and have a discrete symmetry group which in the simply-laced case is Λ/kΛ and central
charge cψ =
dh∨(k−1)
k+h∨
.
Now it is possible to discuss the connection of this construction with the parafermion
one.
For k > 1 the Fock space F k of Heisenberg sub-algebra is build up by the set of Han
operators, which is the subset of the creation and annihilation operators of the whole Fock
space F , aµm, with µ = a and m = nk with k fixed, while parafermions are constructed on
the space Ωk, the vector space of vacuum vectors for the Heisenberg sub-algebra.
To realize the parafermion coset one needs to factorize the d Fubini fields Xa(z) cor-
responding to the Cartan sub-algebra, this can be done defining the fields φa,j(z) =
Qa(εjz) − Xa(z), where ε = e 2piik . These fields transform as d(k − 1) bosons with twisted
boundary conditions φa,j+1(z) = φa,j(εz).
Moreover, the parafermions are defined on Ωk by
ψα(z) =
z
1
k
−1
k
k∑
j=1
εj : eiα·φ(ε
jz) : (12)
where α · φ(εjz) = α · φj(z) and satisfy the fundamental product:
ψα(z)ψβ(ξ) =
z
1
k
−1ξ
1
k
−1
k2
k∑
j,j′=1
εj+j
′
: eiα·φ(ε
j′z)eiβ·φ(ε
jξ) :
(εj
′
z − εjξ)α·β
(zk − ξk)α·βk
(13)
These fields live on the k-sheeted complex plane which is the image space of the conformal
transformation zk → z, thus, each value of the variable zk corresponds to k different points on
the plane related by a discrete transformation. They can be interpreted as the parafermion
fields for the k level KM algebra.
I define also an isomorphism between single-value fields on the k-sheeted complex plane
and multi-values fields on the one-sheeted plane by means of the following identifications:
aank+l −→
√
kaan+l/k q
a −→ 1√
k
qa (14)
All the physical fields obtained by this isomorphism are single-valued by construction.
In the following the fields on one-sheeted plane are denoted with an hat on the same symbol
corresponding to the fields on multi-sheeted complex plane.
By the definition eq.(12) and by eq.(13) using eqs.(14) and the conformal transformation
zk → z one obtain the parafermion OPE relations for α · β = −1:
ψˆα(z)ψˆβ(ξ) = (z − ξ)−1+ 1k
[
ψˆα+β(ξ) +O(z − ξ)
]
(15)
and for α = −β
ψˆα(z)ψˆ−α(ξ) = (z − ξ)−2+ 2k
[
1 +O(z − ξ)2
]
(16)
As it is well known a duality exists between bosonic theories with compactification radius
R and 1/R and the resulting theories are recognized to be completely equivalent. The
4
transformation here defined acts just as a duality that reduce the compactification radius√
k to 1/
√
k but, while for the usual single-value case no further affects arise, in the multi-
value case a mapping between multi-local and non-local terms appears. This can be very
useful to perform computations with terms that should be very complicated on the one-
sheeted plane.
The boundary conditions are selected by the discrete symmetry derived from the charges
in the coset Λ∗/kΛ which is imposed in order to have a single-valued integrand.
Let me emphasize once more that the parafermions appear naturally in this procedure
and they are built on the bosonic space by means of fields through eq.(12), so one can consider
the present procedure to obtain parafermions as a generalized bosonization procedure.
Now it is possible to use the exact formula eq:(13) to define the stress-tensor for gener-
alized parafermions.
Single value stress-tensor field Tψ(z) is defined as the normally ordered product of two
parafermions on the k-sheeted complex plane:
Tψ(z) =
cψ
dh∨∆ψ
∮
dw
2πi
wk−1
2k2
∑
α∈Λ
k∑
j,j′=1
εj+j
′
: e−iα·φ(ε
j′w)eiα·φ(ε
jξ) :
(wk − zk) (17)
where cψ is the central charge and ∆ψ the conformal weight of parafermions [10].
Using the product eq.(13) and writing the function (wk− zk) as ∏kl=1(w− εlz) the above
expression can be written as the sum of
TL(z) =
h∨
(k + h∨)

− 1
2k2
k∑
j=1
: ∂zφ
j(z) · ∂zφj(z) : +d(k + 1)
24kz2

 (18)
coming from the k − 1 poles of order two in z1 = εjz and containing the usual term in the
derivatives of the fields φ that give rise to a central charge c = d(k − 1) (but with a diverse
normalization), and
TQ(z) =
cψ
dh∨∆ψ
1
2k2
∑
α∈Λ
k∑
j′ 6=j=1
εj+j
′
: e−iα·φ(ε
j′z)eiα·φ(ε
jz) :
kz2(εj′ − εj)2 (19)
The new features of these relations are related to the TQ(z) term which is due to the
additional poles appearing in the not-coincident points and that modify strongly the OPE.
This is a controllable form of non-locality of parafermion product that allows to compute
easily OPE that should be very complicated on the one-sheeted plane.
OPE of T (z) fields follows by the three exact product formulas:
TL(z)TL(ξ) = Nk
∑
α,β∈Λ
k∑
j1,j2=1
ε2(j1+j2)
4k4
∂2z1→εj1z
2
∂2ξ1→εj2ξ
2
zk−11 ξ
k−1
1 O(−α,α,−β,β)(z1, εj1z, ξ1, εj2ξ)∏k−1
i=1 (z1 − εi+j1z)
∏k−1
i=1 (ξ1 − εi+j2ξ)
×
(
z1 − ξ1
z1 − εj2ξ
εj1z − εj2ξ
εj1z − ξ1
)α·β (
zk1 − ξk1
zk1 − ξk
zk − ξk
zk − ξk1
)−α·β
k
(20)
TL(z)TQ(ξ) = Nk
∑
α,β∈Λ
k∑
j1,j′2 6=j2
ε2j1+j2+j
′
2
4k4
∂2z1→εj1z
2
zk−11 O(−α,α,−β,β)(z1, εj1z, εj′2ξ, εj2ξ)
kξ2
∏k−1
i=1 (z1 − εi+j1z)(εj′2 − εj2)2
×
(
z1 − εj′2ξ
z1 − εj2ξ
εj1z − εj2ξ
εj1z − εj′2ξ
)α·β
(21)
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TQ(z)TQ(ξ) = Nk
∑
α,β∈Λ
k∑
j′
1
6=j1,j′2 6=j
′
2
εj1+j2+j
′
1
+j′
2
4k4
O(−α,α,−β,β)(εj′1z1, εj1z, εj′2ξ, εj2ξ)
k2z2ξ2(εj
′
1 − εj1)2(εj′2 − εj2)2
×
(
εj
′
1z − εj′2ξ
εj
′
1z − εj2ξ
εj1z − εj2ξ
εj1z − εj′2ξ
)α·β
(22)
where I define the four points vertex operator:
O(α,β,γ,δ)(z1, z, ξ1, ξ) =: e−iα·φ(z1)eiβ·φ(z)e−iγ·φ(ξ1)eiδ·φ(ξ) : (23)
and Nk =
(
cψ
dh∨∆ψ
)2
= k
2
(k+h∨)2
.
All the above terms give rise to analytical functions with poles in z = εlξ for l = 1, ..., k.
To evaluate these OPEs one needs to expand the products on the multi-sheeted plane, then
applying the conformal transformation zk → z, one obtain the OPEs on single-sheeted
complex plane. While TQ(z) term is multi-local on this plane the transformed operator
becomes non-local on one-sheeted plane.
Virasoro algebra is defined as the modes algebra of Tˆ (z) stress-tensor and can be ob-
tained by means of the usual Laurent expansion in the z variable. Central charge computed
by means of this technique takes a contribution by TˆL(z), cL =
d(h∨)2(k−1)
(k+h∨)2
which can be
recognized as the usual charge of d(k − 1) bosons with a diverse normalization, but to give
the correct value of charge of the generalized parafermions system an additional term due
to TˆQ(z) is generated cQ =
dh∨k(k−1)
(k+h∨)2
.
This completely new form of stress-tensor is unrelated to FF method where a deformation
in the second derivatives of φ is added to the standard TL(z) due to the coupling with the
background charge. Moreover, in the present case, deformation comes by the projection on
an algebraic curve of the system of φ bosons and has topological origin.
Notice also that the products in this formalism are exactly defined, thus the additional
not polynomial term TQ(z) is of non-perturbative kind and cannot follow by any continuous
deformation of the standard free fields realization as happen for FF method.
Also the action of stress-tensor on a parafermion can be evaluated following the present
procedure by using of the master product of eq:(13) and gives the exact value of conformal
weight only by adding of TQ(z) contributions.
Let me emphasize once more that although the final expression it is similar to previous
known ones [11,12] their origin are completely different. For instance, in this approach
the discrete symmetry of parafermions is a direct consequence of the geometry of the k-
sheeted plane, on the contrary, in the usual realizations this must be imposed to the d(k−1)
independent bosons for construction. Instead, in the present case, all the relevant fields are,
naturally, obtained by means of a suitable projection procedure applied to the unique really
independent field Q(z) while the bosons φj(z) are not truly independent but only evaluated
in diverse positions.
Following the arguments in the last part of [10] one can apply these results also to
realize not-simply laced algebras to the level k = 1. For instance, by the equivalence
between the parafermions used in the case of simply-laced algebras and the auxiliary fields
for level k > 1 (for example see. [11]) that needs to associate to the short roots one find
the equivalence: Cn, k = 1 ≈ An−1, k = 2; Bn, k = 1 ≈ A1, k = 2; F4, k = 1 ≈ A2, k = 2;
G2, k = 1 ≈ A1, k = 3;
6
Parafermions arise naturally also in the context of the N = 2 superconformal algebra.
Its generators, J(z), T (z) and G±(z) can be constructed in terms of one scalar field and two
parafermion currents. In the particular case of central charge less then 3, the parafermions
are the same fields appearing in the SU(2)k model. This correspondence allow to obtain all
the unitary representations of superconformal algebra from the representations of SU(2)k
current algebra by subtracting and the adding back a free boson. It is evident that this
procedure can be performed also in the present case by using the parafermions introduced
in this letter.
Of course one of the most interesting application of the covariant vertex construction is
the realization of Lorentzian algebras [13–15], in fact, the unified construction of arbitrary
level representations of affine KM algebras appears quite naturally in this context, where
the level k can be changed by the action of the pure Lorentzian generators, in complete
analogy with the case of affine algebras where the weights of horizontal finite dimensional
Lie sub-algebra are changed by the action of the affine generators.
It should also be interesting to study in detail the representation theory for these coset
and the existence of a form of screening charge and null vectors, to understand more deeply
the structure and the connections with Lorentzian algebras which, recently, have been rec-
ognized to be related to non-perturbative effects in string theory [16,17].
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